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Abstract-Fractional crystallization on cooled surfaces represents a good technique for purifying melts [l- 
81. There is a special interest in continuous processes, since they offer several advantages, such as large 
separation effect, low energy demand, moderate process temperatures and they do not require automation 
equipment. The understanding of such processes is difficult without a mathematical model which would 
permit us to evaluate the purity and yield of crystal. There is a good mathematical description of dis- 
continuous fractional crystallization on non-moving cooled walls [9], but this theory is not applicable to 
continuous processes which employ only moving cooled surfaces (belts). The present article gives a 
mathematical model for calculating the crystal profile along the belt, crystal purity and its yield. Continuous 
fractional crystallization on cooled surfaces from a flowing film is a fine technological process, which is 
much like the crystallization processes used in semiconductor technology. Without understanding the 
laws which govern the crystal distribution along the belt, one cannot achieve a good yield and purity 
simultaneous,ly. The suggested model (7)-(11) was successfully tested for dodecanoldecanol mix and for 
some other r,ubstances. This model permits us to investigate the crystal surface stability problem also, 
which is important at low Reynolds numbers. As a whole, this model gives a powerful tool for optimizating 
the continuous fractional crystallization process and revealing constructive parameters of the technological 

equipment. 0 1997 Elsevier Science Ltd. 

lNTRODUCTlON 

In recent years fractional crystallization from a flow- The melt is fed to the top part of the endless moving 
ing film has found extensive use for separation and belt. The belt slope has the angle /I, therefore, the melt 
purification of organic, and inorganic substances in flows down along the belt. The crystal moves with 
plants worldwide. We will consider only continuous the belt in a countercurrent direction. Crystallization 
fractional crystallization from a flowing film of liquid. starts with cooling applied to the opposite side of the 
These new processes combine the advantages of crys- belt. The process is steady and crystallization occurs 
tallization with those of the film-type heat and mass continuously. The produced crystal can be essentially 
exchange equipment. Typical equipment used in con- more pure than a bulk melt. It is very interesting 

tinuous fractional crystallization on cooled surfaces is 
sketched in Fig. 1. 

Fig. 1. Scheme of continuous fractional crystallization on the cooled belt. 
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NOMENCLATURE 

a = l/C/p temperature conductivity [m’/s] 
b belt width [m] 
c melt heat capacity [J/kg/C] 
CL initial contamination in melt [%I 
CC mean contamination in crystal [%] 
D diffusion coefficient [m’/s] 
9 earth acceleration [m/s’] 
H heat of crystallization [J/kg] 
K effective distribution coefficient 
Ko minimal distribution coefficient 
1 crystallization length [m] 
m mass feed rate [kg/s] 
Nu = u * 6/A Nusselt number 
Pr = v * p * C/n Prandtl number 
Re = V* S/v = m/(b * p - v) Reynolds number 
Tr feed temperature [“Cl 
T = T(x) mean melt temperature across the 

film [“Cl 
TM melting temperature [“Cl 

To(x) temperature under the belt [“Cl 
MB belt speed [m/s] 
V mean film speed [m/s] 
V,(x) crystal growth rate [m/s] 
X coordinate along the belt [m] 
Y coordinate across the belt [ml. 

Greek symbols 
Lx heat transfer coefficient [w/m’/“C] 
P belt angle [rad] 
S, 6,(x), 6,(x) film, crystal and belt 

thicknesses [m] 
6, = 6, *(D/a)“.‘” diffusion layer thickness 

[ml 
6, = SjNu heat layer thickness [m] 
1, &, i, heat conductivities of melt, crystal, 

belt [w/m/C] 
V kinematic viscosity [m’/s] 
P melt density [kg/m’]. 

to know the conditions which determine the crystal 
purity. As a measure of the purity we usually consider 
the effective distribution coefficient which is equal to 
the ratio of the impurity concentrations, respectively, 
in the crystal and in the bulk melt. 

CRYSTAL PURITY AS A FUNCTION OF ITS 
PROFILE 

It is well known that the crystal purity depends 
considerably on its growth rate [2]. We can write the 
dependence [lo] 

k= k, 
k, + (1 -k,) * exp-6D’Vc/D (1) 

of the effective distribution coefficient k versus crystal 
growth rate, V,. This dependence shows that the crys- 
tal growth rate has a great influence on its purity (Fig. 
2). Moreover, it imposes heavy restrictions on the 
magnitude of the growth rate. So, for most organic 
and inorganic substances we can attain good puri- 
fication with growth rate under 1 cm/h [9]. To clarify 
the importance of the crystal profile we will consider 

0 2 4 6 8 10 
v,*ti,/D 

Fig. 2. Distribution coefficient vs crystal growth rate. 
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Fig. 3. Crystal profile for different cooling under three zones. 

Table 1. 

N zone 
Crystal growth Crystal 

rate (cm/h) impurity (%) 

1 0.5 0.14 
2 0.7 0.21 
3 4.5 1.01 

Total 1.7 0.52 

a crystal which is produced in three zones with differ- 
ent cooling temperatures (Fig. 3). 

The mean crystall growth rates over each zone are 
listed in Table 1. We can see that the growth rate 
differs markedly depending on the zone. As a conse- 
quence, the mean surface crystal impurities are also 
different corresponding to equation (1). Column 2 
demonstrates these impurities over all three zones. 
Thus, for predicting, the crystal purity it is very impor- 
tant to know its profile. 

EQUATION FOR CRYSTAL PROFILE 

Consider now the stable crystal profile. It is charac- 
terised by the distribution of the crystal thickness 
along the belt 6,(x) (Fig. 4). Because of the low speed 
of the belt, we can make the following assumptions : 
temperature distributions through the belt and crystal 
are linear; heat capacities of the belt and crystal are 
negligible. The other natural assumption [9] is that 
the temperature at the crystal surface is equal to the 
equilibrium melting temperature TM. The heat flux 
from the hot melt to the crystal surface can be written 
as 

QM-c = cc*{T(x)-T,}. (2) 

The heat flux from the crystal surface toward the belt 
is equal to 

Qc-o = 
TM - To (4 
&44 + 5 (3) 

1, & 
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Fig. 4. Heat transfer and temperature distribution across layer. 
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Because crystallization occurs on the crystal surface, 
the crystallization heat 

Qc = P * v,(x) * H (4) 

must be taken into account. The difference between 
the heat fluxes towards the belt and from the melt 
must be equal to the crystallization heat : thus the heat 
balance on the crystal-melt interface can be written : 

Qc-o = Qc+QMw. (5) 
Since the crystal is usually thin, the growth rate, Vc(x) 
can be expressed as follows : 

d&(x) 
V,(x) = _UB’dX. 

Summarizing equations (2)-(6) we obtain the 
equation : 

d& (4 
P-H-US dx 

*---=cc*{T(x)-TM}- TM - To (4 
&(x) 4% 

1, +x 

or in dimensionless form 

p* H*uB ‘6’ dGE(x*) 
*~=iVu.{T*(x*)-1) 

T,*l.l dx* 

where 

1 - TV 

- @xx*) + ;r 
n;c ng 

(7) 

x* ,rl: 
1 

1; = Af 1; = + 

T*+ T;+. 
M M 

The ordinary differential equation (7) permits us to 

calculate the crystal thickness 6$(x*). The following 
boundary condition must be taken @( 1) = 0, in order 
to ensure the absence of uncontrolled crystal flow at 
the beginning of the crystallization zone. The three 
parameters in equation (7) are yet unknown: mean 
(across film) temperature of the flowing melt film, the 
film thickness and the Nusselt number. 

FILM TEMPERATURE ALONG THE BELT 

The heat balance for the flowing film is 

&C*p.V$= -a*{T(x)-TM}-Qe, 

Q. is the heat loss with evaporation and convection. 
Finally, we can write this equation in dimensionless 
form 

dT* {T*(x*)-l+T&} -=..- 
dx* L* (8) 

with the characteristic length 

L* = +..$ 

and temperature correction 

The value T& does not usually vary significantly, so 
the solution of (8) can be written : 

T*-l+T$ = {T,*-l+T&}*exp 

where 

T:+. 
M 

In Fig. 5 the film temperature along the belt for dode- 
canoldecanol mix is depicted. 

Dodecanol- Decanol mix 

0” 28 
2 27.5 
?! 27 
2 E 28.5 
$ 28 
E 25.5 
d 25 
c 24.5 
E 24 

I 

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 

distance from feeding [ml 

Fig. 5. Mean (across melt) melt temperature along the belt. 
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FILM THICKNESS P = p-b*ufJ&(O) (9) 

An exhaustive study of this problem was carried 
out by Brauer [I 11. He showed that the regime of film 
flow is laminar is Re < 400, and turbulent if 
Re > = 400. He suggested the following relation for 
film thickness in the turbulent mode 

An analogous relation for the laminar mode can be 
obtained from the Navier-Stokes equation 

f 3’v2 6=(- 
\g*sinP 

“3.&,3, 

NUSSELT NUMBER 

Both equations (7) and (8) contain the Nusselt 
number. Wilke 1121 made a comprehensive study of 
heat transfer from a falling liquid film to the surface. 
He suggested that the local heat-transfer coefficients 
might be calculated by the following equations for 
steady flow : 

Nu = 1.88 Re i: Re* = 615 * Pr-“.646 

Nu = 0.0614 - Re8/” * Pr”.344Re* < Re < 400 

Nu = 0.00112 * Re6’!’ * Pro ‘a 400 < Re < 800 

can be calculated. The knowledge of the crystal profile 
permits us also to evaluate the mean (across crystal 
layer) crystal impurity. We will employ the results of 
earlier investigations [9, 13-161. According to these 
results we can use the relations (1) and (6) and write 
a one-dimensional approximation : 

CL ’ s ko 
Cc = 6,(o) * o k. + (1 _ k,) . exp- (aD.UB.ldsC(X)ldXl)iD 

d&(x) edx.dx. (10) 

In our work (in press) it has been shown that the 
one-dimensional approximation is sufficiently exact in 
typical cases when the belt length is much more than 
0.3 m and the crystal growth rate is changing along 
the belt by no more than a factor of 2-3. The two- 
dimensional approach has been suggested, but it is 
out of the scope of this article. The surface impurity 
distribution C,(x) for the crystal profile shown in Fig. 
3 is presented in Fig. 6. 

We can see the great nonuniformity of impurity 
along the crystal surface. Eliminating x from the 
dependencies 6,(x) and C,(x) gives the concentration 
distribution across the crystal Cd(&). This dis- 
tribution shows the great nonuniformity of purity 
across the crystal (Fig. 7). 

NM = 0.0066 * Re’4i’5 - Pro.344 800 < Re. CONSTITUTIONAL SUPERCOOLING 

These equations are valid for a smooth surface. In [2, For good purification the crystal surface must be 
91 the crystalline layer was shown to display such a morphologically stable to avoid a great amount of 
surface until dendritic crystal growth began. entrainment. The careful study of entrainment influ- 

ence on the crystal purity is given in articles [4, 5, 91. 
We will only note that the crystallization front does 

CRYSTAIL YIELD AND PURlTY 
not have a cellular or dendritic structure (hence, is 
morphologically stable) at any point x of crystal sur- 

Using equation (‘7) the value S,(O) and the crystal face until the actual temperature gradient in the liquid 
yield film at the interface is greater or equal to the equi- 

0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 I 

IL---- 
distance from feeding [ml I 

I 
Fig. 6. Surface impurity distribution along the crystal. 
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0.5 1 1.5 2 2.5 

distance from belt [mm] 

3 3.5 

Fig. 7. Impurity distribution across the crystal. 

0 2 4 6 8 10 12 14 16 

measured crystal mass rate [kg/h] 

Fig. 8. Comparison between experiment and theory (crystal mass rate). 

2.45 -! 
2.45 2.5 2.55 2.6 2.65 2.7 2.75 

measured impurity [‘/I 
Fig. 9. Comparison between experiment and theory (crystal purity). 
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librium temperature gradient [9, 161. Knowledge of 
the crystal thickness permits us to obtain the criteria 
for morphological s,tability of the crystal surface : 

4, 

W9 - TM 
4 

5. 

(11) 7, 

with n being the slope module of the liquidus curve at 
bulk contamination CL. Investigations of Hurle in 
semiconductor technology [16] showed that the crystal 
surface for sufficient pure melt can be also mor- 
phologically stable ((without dendrites) in cases when 
this condition is invalid. 

9. 

COMPARISON WITH EXPERIMENT 

Numerous experiments were carried out to verify 10. 
the suggested model. In Figs. 8 and 9 the relations 
between the measured and calculated crystal yield and 11. 

purity for dodecanol-decanol mix are depicted. The 12. 
good agreement proves the validity of the suggested 
model. 13. 
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